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We will consider a finite group G with a Sylow p-subgroup P satisfying 
CG(4 = p, all x E P#. 
Groups satisfying similar hypotheses have been studied, notably by R. 
Brauer and H. Leonard [2, 3, 43 in an attempt to generalize a theorem of 
Brauer [I] concerning the special case 1 P 1 = p. We will prove the following. 
THEOREM. Suppose G is a $nite group with a Sylow p-group P satisfying 
c,(x) = p, all x E: P#. 
Suppose also that G has a faithful iwed&ible representation of degree less than 
&([ P 1 - 1). Then P is a normal subgroup of G. 
We note that it is easy to show that the assumption of irreducibility can 
be omitted. Because of the linear fractional groups over finite fields, the 
given bound is sharp. 
PRELIMINARIES 
The hypothesis 
C&) = p, all x E P# 
implies that N = N,(P) is a Frobenius group with Fobenius kernel P, 
and that P is a T.I. set in G. Set s = / N : P 1, q = j P j, and t = (l/s)(q - 1). 
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NOW, N has at most s irreducible characters B1 , 0, ,... whose kernels contain 
P and exactly t irreducible characters X, , X, ,..., X, which are induced from 
nonprincipal irreducible characters of P. These two sets include all irreducible 
characters of N. When t > 1 (the only case we shall consider), the irreducible 
characters of G admit a similar description. There are at most s irreducible 
characters cpi , y2 ,... whose values are constant and nonzero on Pi” ancl 
exactly t irreducible characters A, , A, ,. .., fl, (called 6’exceptiona19’) which 
are not constant on P+. The exceptional characters all have the same degree. 
These two sets include all irreducible characters of G which do not vanish on 
identically on P. More information on this situation rnay be found in the 
work of Brauer and Leonard [2]. 
We now assume that G has a faithful irreducible character of degree less 
than i(q - 1). A theorem of Leonard [4] h s ows that, unless P d G, this is 
an exceptional character of G and, with appropriate notation, di / N = X, ) 
for ali Z = I,+.., t. We will thus use the same notation Ai for exceptional 
characters of G and N. It will be clear to which group we refer. 
CLAss MULTIPLICATION CONSTANTS IN N 
Tbe group N has t classes of p-elements, which we will denote C, ,...) C, . 
Tbe identity class will be called CO . For any triple Ci , Cj , C, of these, 
we let aijlc be the number of pairs gi , g, , from Ci ) C, , respectively, whose 
product is a fixed element of C, . If, for each i, we let Csi be the corresponding 
class sum in the group algebra for N, we get 
-- c,c, = i UijkCk .
k=O 
Note that other classes of N do not occur as P is normal in N. For each i, 
C,‘, is the class of inverses of elements of Ci . I f  i andj are not 0 and i’ fjp 
then iaijO = 0. Thus, 
so that 
t 
s2 = 1 aiiks, 
k=l 
since each class of p-elements has cardinality S. Hence, 
t 
s = C aiik , if i’fj; i,j#@ 
k=l 
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Similarly, aiigO = S, so that 
CiCij = i aifkCk + aiiroCo 
k=l 
whence 
t 
s2 = C aiijks + 5 
1-l 
and 
t 
s - 1 = C aiipk , 
k=l 
if i # 0. 
Note that for some i, K, aiicR < (S - 1)/t. 
From the above, it is clear that we may define a positive integer n by 
(S - n)/t = . min 
r,l,k=l ,...I t 
caijke>. 
For i, j, k not zero we define nonnegative integers bij, by 
Note that 
‘& btj, = n, if i’ # j, 
There are several relationships between the aijk . Because of our special 
situation, there is an unusual one which will be important, namely aijl = a,jei 
for all I = 0, l,..., t and i, j = 1, 2 ,..., t with i’ # j. If I = 0, both aiil and 
aljri are zero. Otherwise, note that generally 
and 1 CL ) = / Ci 1 = S. 
For any i, j, k we have 
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as is easily shown. The coefkients of a particular c?~ in the two expressions 
must be the same, so we see that 
Since we have t >/ 2, we may choose classes Ci , CT’? from P# with %’ #is 
In the above we let k = jl and m = i, to get 
Again, the sums run only over the NLclasses of P as P CI N. Now recall that 
aijz = aJjri for 1 = 0, I,..., t, so that 
The left-hand side of (1) is 
jJ (aijJ2 = i (F + bcjz 
z=o I=1 
Since i’ # j, we have aijO = 0, so this is just 
Similarly, the right-hand side of (1) is 
Note that aji~o = s and aiOi = 1, so we have just 
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since biti = bg,* . Equating these expressions for the two sides of (l), we find 
In particular, as all b5j*r and biti are nonnegative, 
2 7 i- i (b&” > s. 
Z=l 
Now, since all b,, are nonnegative, 
Hence, we see that 
n2 + 2+f- 3 s. (2) 
CLASS MULTIPLICATION IN G 
We now turn our attention to the group G. We assume G is a counter- 
example to the result, and is of minimal order among all such. The classes 
of p-elements for G correspond in a unique way to those for N. Choose the 
indices i, j, k so that (in N) aijk = (s - n)/t. Let cija be the corresponding 
class multiplication constant for G. 
Before we can make the desired computation, a few preliminaries are 
needed. First, we let 6, = cp,&) for some x E P#. (Recall 9% is constant 
on Pg.) Then, from Brauer-Leonard [2], we have 
Choose notation so that vI = 1, . Now we claim that for m > 1, ~~(1) > 
4 - 1. Brauer-Leonard [2] shows that ~~(1) = e,q + 6, for some non- 
negative integer e, . We first consider the case e, = 0. Then 9)m(l) = 
6, = TV, all x E P#, so that P _C ker qm = K. Since m > 1, K is a proper 
subgroup of G, so our main result is true for K, i.e., P (1 K. Hence, P CJ G. 
This shows that e, = 0 does not occur. We must now show that if e, = 1, 
then 6, > - 1. Thus, suppose e, = 1 and consider vm j P. It is clear that 
sn I P = PP + bm1p > where pP is the regular character for P. Since vm 1 P 
is a character, we must have 6, > -1, for otherwise (P)~ 1 P, lp) < 0. 
This proves ~~(1) 3 4 - 1, as claimed. 
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Finally, we choose B = max,,,O b, . Since 
we thus have 
b 
G- 
3 <sB. 
‘- 
We are now ready to consider cijk . The usual expression for this in terms 
of irreducible characters is 
since all other irreducible characters of G vanish on P. Now cija >, 0, and, 
using the definition of Lijk , we find 
Since for m > 0, ~~(1) >, Q - 1 and C b,n3 < 3, we have 
O<l++fB+1L,+ 
S 
It is easy to show that 
kc = (Ud(sZ + -L?J 
so that 
Hence, our inequality becomes 
D<l+fB+;(q-.$k 
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o< 1 +;B+(st+l)+k, 
1 
o< 1 ,-p3+s-n++s;;-s, 
Og1;-+B+~-., 
Multiplying both sides by t, we get 
o<t-q+S-“- 7zt 
s 
O<t-~Bfl---*t 
s 
whence 
nt--t- 1 -+H 
(n - l)t - 1 + ; < 11. 
-Now n/s < 1, so, since B is an integer, 
(n - 1)t < B. 
Since P < s, WC have 
(n - l)“P < s, (3) 
PROOF 0I: Tm THEOREMS 
We now consider the inequalities from the previous sections: 
S---n 
Gas-2-, 
t (2) 
(?z - I)?~ < s. (3) 
First note that, since we have s < j(q - I), we must have t > 3. Also, we 
have s > 1, for otherwise G is abelian, and so not a counterexample to the 
theorem. We will consider the inequalities in three cases. 
Cose 1. n == 1. 
Here we have 
1 > s - 2[(s - 1)/t]. 
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(The second inequality becomes trivial.) Since t > 2, we have 
a > s - Z[(s - 1)/t] > s - 2[(s - 1)/q = s - s + 2. = 1, 
a contradiction. 
Case 2. n = 2. 
ere we find 
4 > f  - 2[(s - 2)/t], 
if2 < s. 
Multiplying the first of these by t, 
4t > St - 2s + 4 = s(t - 2) + 
and using now the second to approximate s in the right band side, 
4t > tyt - 2) + 4. 
Investigation of this inequality will show t < 2, a contradiction. 
Case 3. n 3 3. 
The first inequality multiplied by t is 
n2t > St - 2s + 2n = s(t - 2) + 2% 
As t >, 3, the right-hand side of this is at least s: 
nzt > s. 
Combining this with the second inequality, 
so that 
n2t > (n - 1)T 
Since n >, 3, the left hand side is at most 
This is contrary to t > 3. 
This final contradiction shows that there is no minimal counterexample 
to the theorem, so the theorem is true. 
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